Introduction
Let F q be the finite field with q elements of characteristic p. Let k = F q (T ) be the rational function field over F q , and put A = F q [T ] . Let A + be the set of all monic polynomials of A. For m ∈ A + , let K m be the mth cyclotomic function field (see Section 2). Let h m be the class number of K m . It is known that h m splits up into h In [Go1] , Goss introduced an analogue of Bernoulli numbers in function fields, and gave a Kummer-type criterion for h m . For n ≥ 1, we set
where
We see that s i (n) = 0 for large i (see Proposition 3.1). Hence B n is a polynomial in A, which is called the Bernoulli-Goss polynomial.
Theorem 1.1. (cf. Theorem 3.4 in [Go1] ) Assume that m ∈ A + is irreducible of degree d. Then,
As an application of Theorem 1.1, Goss also showed that there exit infinitely many irreducible m ∈ A + with p | h − m when q = p ≥ 3. Feng [Fe] generalized the result of Goss, and proved that Theorem 1.2. (cf. [Fe] )
(1) If q > 2, then there exit infinitely many irreducible m ∈ A + with p | h − m .
(2) There exit infinitely many irreducible m ∈ A + with p | h + m .
In this paper, we generalize Bernoulli-Goss polynomials, and give a criterion on the divisibility of zeta functions of cyclotomic function fields (see Theorem 4.1). As an application of our criterion, we generalize Theorem 1.2 from the view point of zeta functions (see Theorem 5.1).
Cyclotomic function fields
In this section, we review some basic facts about cyclotomic function fields and their zeta functions. For details and proofs, see [Ha] , [Go2] , [Ro] .
Letk be an algebraic closure of k. For x ∈k and m ∈ A, we define the following action:
where F q -linear isomorphisms ϕ, µ are defined by
By the above action,k becomes A-module, which is called the Carlitz module. For m ∈ A + , we set
The field K m = k(Λ m ) is called the mth cyclotomic function field. One showed that K m /k is a Galois extension, and
where Gal(K m /k) is the Galois group of K m /k. Let P ∞ be the prime of k with the valuation ord ∞ satisfying ord ∞ (1/T ) = 1. Let
where k ∞ is the completion of k by P ∞ . We call K + m the maximal real subfield of K m . By the isomorphism (2), we regard F
Next we consider the zeta functions of K m and K + m . For a global function field K over F q , the zeta function of K is defined by
where p runs through all primes of K, and N p is the number of elements of the residue class field of p.
Theorem 2.1. (cf. Theorem 5.9 in [Ro] ) Let K be a global function field over
.
By Theorem 2.1, we have
3 Gekeler's results
and define e i (1 ≤ i ≤ l(n)) as follows:
We set
In [Ge] , Gekeler gave the following result about the degree of s i (n).
Proposition 3.1. (cf. Proposition 2.11 in [Ge] 
In particular, we have
(2) The equality (4) holds if
where * * is a binomial coefficient. Let
By Proposition 3.1, we have C n (u) ∈ A[u], and
where [x] is the greatest integer that is less than or equal to x. For n ≥ 1, we set
Remark 3.1. Supposed that n ≡ 0 mod q − 1. Then C n (1) = 0 (cf. Lemma 6.1 in [Ge] ). It follows that B n (u) ∈ A[u].
By the ineqality (6), we have Proposition 3.2.
(
Supposed that n ≡ 0 mod q − 1. By considering the derivative of (1 − u)B n (u) = C n (u), we have
Therefore B n (1) = B n for all n ≥ 1.
The divisibility of zeta functions
Assume that m ∈ A + is irreducible of degree d. Put
. We set
In particular, we haveF
be a monic irreducible polynomial. Let α be a root of f (u), and s = [F q (α) : F q ]. For n ≥ 1, we define
where N F q s (T )/Fq(T ) is the norm from F q s (T ) to F q (T ). Let α 1 , α 2 , ...., α s be all conjugates of α over F q . Then we have
Now we state the main result of this paper. (
. Hence the claim (1) follows from Proposition 4.1.
By the same argument, we have the claim (2).
Remark 4.1. Supposed that f (u) = u − 1. By the equality (3), we have
We see that B α n = B n when α = 1. Thus Theorem 4.1 yields Theorem 1.1.
The factorizations of B α n in A are as follows:
Therefore, by Theorem 4.1, we have f (u) ∤Z
Example 4.2. Let q = 3 and f (u) = u 2 + 1 = (u − α)(u − β). Supposed that 1 ≤ n ≤ 3 2 − 2 = 7 (n ≡ 0 mod 2). Then we have B n (u) = 1 + s 1 (n)u. Therefore,
The factorizations of B α n in A are as follows: (
. Hence we have the claim (1). Similarly, we have the claim (2). Remark 5.2. We consider the case f (u) = u − 1. By the equivalences (7) and (8), we see that Theorem 5.1 leads Theorem 1.2.
